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Let X ⊂ Pn+c be a nondegenerate projective irreducible subvariety
of degree d and codimension c  1. The Green–Lazarsfeld index
of X , denoted by index(X), is deﬁned as the largest p such that the
homogeneous ideal of X is generated by quadrics and the syzygies
among them are generated by linear syzygies until the (p − 1)-th
stage. Thus index(X) is an important invariant in order to describe
the minimal free resolution of X . Recently it is shown that d = c+1
if and only if index(X) c, and X is a del Pezzo variety if and only
if index(X) = c − 1.
In this paper, we prove that index(X) = c − 2 (c  3) if and
only if X is either a complete intersection of three quadrics or
else an arithmetically Cohen–Macaulay variety with d = c + 3
(Theorem 1.1). Also we classify X with index(X) = c − 3 (c 4) for
the cases when d = c + 2 (Theorem 4.1) and when X is a smooth
surface (Theorem 4.3).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let X ⊂ Pn+c be a nondegenerate projective subvariety of codimension c  1 and degree d over an
algebraically closed ﬁeld K . Due to D. Eisenbud, M. Green, K. Hulek and S. Popescu [EGHP], X is said
to satisfy the condition N2,p if its homogeneous ideal is generated by quadrics and the syzygies among
them are generated by linear syzygies until the (p− 1)-th step. Also W. Bruns, A. Conca and T. Römer
[BCR] have deﬁned the Green–Lazarsfeld index of X , denoted by index(X), to be the largest p such that
X satisﬁes condition N2,p , with index(X) = 0 if X fails to satisfy property N2,1 and index(X) = ∞ if it
satisﬁes condition N2,p for every p  1. Thus index(X) is an important invariant in order to describe
the minimal free resolution of X .
The inequality d  c + 1 holds always and varieties attaining the equality are called varieties
of minimal degree. The classiﬁcation of varieties of minimal degree was completed more than one
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sult of Eisenbud–Green–Hulek–Popescu in [EGHP] says that d = c + 1 if and only if index(X)  c.
That is, varieties of minimal degree can be characterized by the homological condition index(X) c
(cf. Notation and Remarks 3.3(1)). Recently K. Han and S. Kwak generalized Eisenbud–Green–Hulek–
Popescu’s result to the next case. Recall that X is called a del Pezzo variety if d = c + 2 and X is
arithmetically Cohen–Macaulay. For a classiﬁcation of del Pezzo varieties, see [BP1, Section 6] and [F2,
Sections 1.6–1.9]. Theorem 3.14 in [HK] shows that if c  2, then X is a del Pezzo variety if and only if
index(X) = c−1 (cf. Notation and Remarks 3.3(3)). That is, the homological condition index(X) = c−1
characterizes del Pezzo varieties.
Along this line, we consider the following:
Problem. For each k  2 and c > k, classify projective subvarieties X ⊂ Pn+c of codimension c such
that index(X) = c − k.
Our aim in the present paper is to study this problem for the case of “small” values of k (notably
k = 2 and k = 3).
For the case of k = 2, we obtain a complete answer for the above problem.
Theorem 1.1. Let X ⊂ Pn+c be a nondegenerate projective subvariety of degree d and codimension c  3. Then
index(X) = c − 2 if and only if either
(i) X is a complete intersection of three quadrics
or
(ii) d = c + 3 and X is an arithmetically Cohen–Macaulay variety.
For the proof of this result see Section 3. If we compare Theorem 1.1 with the known classiﬁcation
results for projective subvarieties with index(X) c − 1, one might ask naturally which subvarieties
are arithmetically Cohen–Macaulay with d = c+3 for some c  3. When char K = 0 and X is smooth,
P. Ionescu [I] and T. Fujita [F1] solve this problem completely. But it is still open in general, to the
author’s knowledge.
In Section 4, we study the above problem for the case of k = 3. We obtain a complete list of
smooth surfaces S in P2+c with index(S) = c − 3. For details, see Theorem 4.3. Also see Corollary 4.6
for higher dimensional case. Brieﬂy speaking, Theorem 4.3 is obtained by combining [HK, Corollary 3.3
and Theorem 3.12] and [DR, Theorem 0.1]. Indeed, the latter result classiﬁes smooth surfaces S in P6
with index(S) = 1. Comparing with Theorem 1.1, this is a reason why we can solve our problem only
for smooth surfaces.
In Theorem 4.1 we classify projective varieties X with deg(X) = c + 2 and index(X) = c − 3. In
particular, it is shown that a smooth rational curve C in P5 which is contained in the smooth rational
normal surface scroll S(2,2) is the only curve with deg(C) = c + 2 and index(C) = c − 3.
It is still an open problem to ﬁnd all smooth curves C in Pc+1 with index(C) = c − 3. Note that
the surfaces listed in Theorem 4.3 have degree at least c+3 and are all projectively normal. Thus, the
hyperplane sections of those surfaces give us such projective curves. We do not know yet if the above
curve C in P5 and these hyperplane sections are all curves having the desired Green–Lazarsfeld index.
Remark 1.2. By G. Castelnuovo’s classical lemma, for any nondegenerate projective subvariety X ⊂ Pr
of codimension c,
h0
(
P
r, IX (2)
)

(
c + 1
2
)
and the equality is attained if and only if X is a variety of minimal degree. Also it was proved by
Fano and rediscovered by D. Eisenbud and J. Harris that
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(
P
r, IX (2)
)= (c + 1
2
)
− 1
if and only if X is a del Pezzo variety. In [HK], the authors prove that if index = c − 1 then X is
contained in at least
(c+1
2
)−1 linearly independent quadrics in order to use the above characterization
of del Pezzo varieties. Along this line, one may wonder if the homological condition index(X) = c − 2
is equivalent to
h0
(
P
r, IX (2)
)= (c + 1
2
)
− 2.
Unfortunately, the answer is “NO”. For example, if X is a complete intersection of three quadrics then
index(X) = 1 and h0(Pr, IX (2)) = 3 <
(4
2
)− 2 = 4. Also if X is the image of an isomorphic projection
of a rational normal curve X˜ ⊂ Pr+1, then h0(Pr, IX (2)) =
(c+1
2
)− 2 while index(X) depends on the
location of the projection center (see Theorem 1.1 in [P1]).
2. Preliminary
2.1. Projective subvarieties satisfying condition N2,p
Let X ⊂ Pn+c be a nondegenerate projective subvariety of codimension c and degree d deﬁned
over an algebraically closed ﬁeld K .
(2.1.1) Suppose that X satisﬁes condition N2,1 and let H1, . . . , Hn be general hyperplanes in Pn+c .
Then X ∩ H1 ∩ · · · Hk ⊂ Pn+c−k , 1 k n, is cut out by quadrics scheme-theoretically.
(2.1.2) (Theorem 1.1 in [EGHP]) Suppose that X satisﬁes condition N2,p for some p  1. Then X does
not admit a (p + 2)-secant p-plane.
(2.1.3) Suppose that c  2 and X satisﬁes condition N2,p for some p  2. For a smooth closed point
q of X , let πq : X  Pn+c−1 be the inner projection of X from q and let Xq := πq(X \ {q}) ⊂ Pn+c−1.
Then
(a) The morphism πq : X \ {q} → Xq is birational and deg(Xq) = d − 1 (cf. Chapter 20 in [Harr]).
(b) (Corollary 3.3 in [HK]) Xq satisﬁes condition N2,p−1.
(c) (Theorem 3.12 in [HK]) X and Xq have the same arithmetic depth. In particular, X is arithmeti-
cally Cohen–Macaulay if and only if so is Xq .
(2.1.4) Suppose that X is locally Cohen–Macaulay and let Λ = Pt be a linear subvariety of Pr such
that dim(X ∩ Λ) = 0. Thus we have t  c. The following elementary fact will be used in the next
section.
Lemma 2.1. Under the hypothesis just stated, it holds that length(X ∩ Λ)  d. Moreover, the equality is at-
tained if and only if t = c.
Proof. The local Cohen–Macaulayness of X implies the inequality and the statement that the equality
is attained if t = c (e.g. [E, Exercise 18.17]). Also for the case where t < c, one can show the inequality
length(X∩Λ) < d by using the linear projection of X to a hypersurface in Pn+1 from a linear subspace
P
c−2 such that dim(Λ ∩ Pc−2) = t − 1 and X ∩ Pc−2 = ∅. 
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Let C ⊂ P1+c , c  3, be a nondegenerate projective integral curve of arithmetic genus g and degree
c+3. In [BS1], M. Brodmann and P. Schenzel provided a detailed description of algebraic and geomet-
ric aspects of C . They called the pair (h1(P1+c, IC (1)),h1(P1+c, IC (2))) the numerical cohomological
type (n.c.t) of C . Here we summarize some of their results.
Theorem 2.2. (See Brodmann and Schenzel [BS1].) The n.c.t of C is either (0,0), (1,0), (2,0) or (2,1). More-
over,
(1) The n.c.t of C is (0,0) if and only if g = 2. In this case,
C is arithmetically Cohen–Macaulay and h0
(
P
c+1, IC (2)
)= (c + 1
2
)
− 2.
(2) The n.c.t is (1,0) if and only if g = 1. In this case,
h0
(
P
1+c, IC (2)
)= (c + 1
2
)
− 3.
(3) The n.c.t is (2,0) if and only if g = 0 and reg(C) = 3. In this case,
h0
(
P
1+c, IC (2)
)= (c + 1
2
)
− 4.
(4) The n.c.t is (2,1) if and only if g = 0 and reg(C) = 4. In this case,
h0
(
P
1+c, IC (2)
)= (c + 1
2
)
− 3.
3. Projective subvarieties with index(X) = c − 2
This section is devoted to give a proof of Theorem 1.1. To this aim, we need some preparations.
Lemma 3.1. Let Γ ⊂ Pc be a nondegenerate ﬁnite subset.
(1) Suppose that Γ is cut out by quadrics set-theoretically. Then |Γ | 2c and the equality is attained if and
only if Γ is a complete intersection of c quadrics.
(2) If c = 3 and Γ is cut out by quadrics set-theoretically, then |Γ | ∈ {4,5,6,8}.
(3) If c = 4 and Γ is a set of 9 points in linearly general position, then Γ fails to satisfy condition N2,2 .
Proof. (1) Consider the 2-uple Veronese embedding
ν : Pc → PN , N =
(
c + 2
2
)
− 1,
and let Y = ν(Pc) be the image of Pc . Let Q 1, . . . , Qm ∈ (IΓ )2 be a basis. Thus deg(Y ) = 2c and
m  c. Let τ : H0(Pc, OPc (2)) → H0(PN , OPN (1)) be the canonical identiﬁcation and let Hi = τ (Q i)
for i = 1, . . . ,m. Since H1, . . . , Hm are K -linearly independent, they deﬁne an (N − m)-dimensional
linear subspace Λ of PN such that ν(Γ ) = Y ∩Λ. Then Lemma 2.1 says that |Γ | 2c and the equality
is attained if and only if m = c. Also m = c if and only if Γ is a complete intersection of c quadrics
(e.g. [Hart, Exercise II.8.4]).
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Keep the notations in (1). Then Λ is a 7-secant (9 −m)-plane to Y . Also since Γ is not a complete
intersection, we have m  4. In particular, Y admits a 7-secant 5-plane and hence it fails to satisfy
condition N2,5 (cf. (2.1.2)), which contradicts to the fact that index(Y ) = 5.
(3) Note that Γ is 3-regular and hence it satisﬁes six K -linearly independent quadratic equations.
Suppose that Γ satisﬁes condition N2,2. Then one can easily check that the minimal free resolution
of the homogeneous ideal IΓ of Γ ⊂ P4 is of the form · · · → S(−3)4 → S(−2)6 → IΓ → 0 where S is
the homogeneous coordinate ring of P4. But this is impossible since the kernel of S(−2)6 → IΓ is of
rank 5 while S(−3)4 is of rank 4. 
Proposition 3.2. Let X ⊂ Pn+c be a nondegenerate projective subvariety of degree d, codimension c  1 and
index(X) 1. Then
d 2c−k+1 + k − 1.
where k = min{c, index(X)}.
Proof. We use induction on k.
Suppose that k = 1 and let Λ = Pc be a general subspace in Pn+c . Note that the ﬁnite set X ∩Λ is
scheme theoretically cut out by quadrics in Λ. Therefore d = |X ∩ Λ| 2c by Lemma 3.1.
Suppose that k 2 and consider the inner projection πq : X  Pn+c−1 of X from a smooth point
q ∈ X . Then the subvariety Xq := πq(X \ {q}) ⊂ Pn+c−1 satisﬁes property N2,k−1 (cf. (2.1.3)(b)). Also
the morphism πq : X \ {q} → Xq is birational and deg(Xq) = d − 1 (cf. (2.1.3)(a)). Now, the induction
hypothesis guarantees that
deg(Xq) = d − 1 2(c−1)−(k−1)+1 + (k − 1) − 1 = 2c−k+1 + k − 2,
which completes the proof. 
Notation and Remarks 3.3. Let X ⊂ Pn+c be a projective subvariety of degree d and codimension
c  1.
(1) The degree bound in Proposition 3.2 says that
d c + 1 if index(X) c,
d c + 2 if c  2 and index(X) = c − 1,
d c + 5 if c  3 and index(X) = c − 2,
d c + 12 if c  4 and index(X) = c − 3, etc.
For example, it means that if index(X)  c then d = c + 1. This reproves Eisenbud–Green–Hulek–
Popescu’s result about a homological characterization of varieties of minimal degree.
(2) Suppose that c  2 and 1 k c − 1 where k := index(X). For each i ∈ {1,2, . . . ,k}, we denote
by Xi ⊂ Pn+c−i+1 the image of X by (i−1) consecutive general inner projections. That is, Xi , for i  2,
is the image of Xi−1 by an inner projection from a smooth closed point. Thus deg(Xi) = d − i + 1, Xi
and Xi−1 have the same arithmetic depth, and Xi satisﬁes condition N2,k−i+1 (cf. (2.1.3)).
(3) Suppose that c  2. If index(X) = c − 1, then it follows by (1) that d = c + 2. Also Xc−1 ⊂ Pn+2
is a codimension 2 subvariety of degree 4 which satisﬁes property N2,1. Thus Xc−1 is a complete
intersection of two quadrics. In particular, it is arithmetically Cohen–Macaulay and hence so is X (cf.
(2.1.3)). That is, X is a del Pezzo variety. Conversely, it holds that index(X) = c − 1 for any del Pezzo
variety X ⊂ Pn+c by [Ho, Theorem 1]. This gives another proof of Theorem 3.14 in [HK].
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minimal degree and hence Proposition 3.2 says that c + 2 d c + 5. Furthermore, Notation and Re-
marks 3.3.(3) implies that if d = c + 2 then X is not arithmetically Cohen–Macaulay. Let Xc−2 ⊂ Pn+3
be as in Notation and Remarks 3.3 and let Cc−2 ⊂ P4 be the general linear curve sections of Xc−2.
Thus Xc−2 satisﬁes condition N2,1 and hence Cc−2 ⊂ P4 is cut out by quadrics scheme-theoretically
(cf. (2.1.1)). We will consider the cases d = c + 2, c + 3, c + 4 and c + 5, in turn.
Case 1. Suppose that d = c + 2. Then Cc−2 ⊂ P4 is of degree 5. In particular, it is either an arith-
metically Cohen–Macaulay curve of arithmetic genus one or else a smooth rational curve. In the
ﬁrst case, Xc−2 is arithmetically Cohen–Macaulay and hence so is X (cf. (2.1.3)), a contradiction. If
Cc−2 is a smooth rational curve, then it is contained in the smooth rational normal surface scroll
S(1,2) ⊂ P4 and S(1) = P1 ⊂ S(1,2) is a tri-secant line to Cc−2 (cf. [P1]). This means that Cc−2 can-
not be cut out by quadrics scheme-theoretically. Consequently, the condition index(X) = c−2 implies
that d c + 3.
Case 2. Suppose that d = c + 3. Then Cc−2 ⊂ P4 is of degree 6 and cut out by quadrics scheme-
theoretically. In particular, it holds that h0(P4, ICc−2 (2)) 4 since Cc−2 is not a complete intersection
of three quadrics. On the other hand, Theorem 2.2 says that either Cc−2 is arithmetically Cohen–
Macaulay or else h0(P4, ICc−2 (2))  3. Thus we are in the former case and hence Xc−2 is also
arithmetically Cohen–Macaulay. It follows by (2.1.3) that X is an arithmetically Cohen–Macaulay va-
riety.
Case 3. Suppose that d = c+4. Then Cc−2 ⊂ P4 is a curve of degree 7 which is scheme-theoretically
deﬁned by quadrics. In particular, the general hyperplane section Γ ⊂ P3 of Cc−2 is of length 7 and
cut out by quadrics scheme-theoretically, which contradicts to Lemma 3.1.(2). In consequence, there
exists no X ⊂ Pr such that d = c + 4 and index(X) = c − 2.
Case 4. Suppose that d = c + 5. Then Xc−2 ⊂ Pn+3 is of degree 8 and cut out by quadrics scheme-
theoretically. Therefore it is a complete intersection of three quadrics. In particular, Xc−2 is arithmeti-
cally Cohen–Macaulay. It remains to show that c = 3. Suppose that c  4 and consider the subvariety
Xc−3 ⊂ Pn+4. Note that Xc−3 is of codimension 4 and degree 9 which satisﬁes condition N2,2. Fur-
thermore, it is arithmetically Cohen–Macaulay (cf (2.1.3)). Therefore the general 0-dimensional linear
section Γ ⊂ P4 of Xc−3 is a nondegenerate ﬁnite set of 9-points which satisﬁes condition N2,2, which
contradicts to Lemma 3.1.(3). This completes the proof that X ⊂ Pr is a complete intersection of three
quadrics.
(⇒) Obviously index(X) = 1 if X is a complete intersection of three quadrics. For the case where
d = c + 3 and X is arithmetically Cohen–Macaulay, see [BS1, Theorem 3.9 and Proposition 5.1]. 
4. Projective subvarieties with index(X) = c − 3
This section is intended to study projective subvarieties X ⊂ Pn+c of degree d and codimension
c  4 such that index(X) = c − 3. By Proposition 3.2, it holds that c + 2 d c + 12. Also if d = c + 2
then X is not arithmetically Cohen–Macaulay (cf. Notation and Remarks 3.3.(3)).
When d = c + 2, we can classify X with index(X) = c − 3 by using some results in [LP,P1,P2]. For
details, see Section 4.1.
For d > c + 2, a diﬃculty is that the structure of X with c + 3 d  c + 12 is not yet completely
known. In this case, to our aim we use [DR, Theorem 0.1] in which smooth surfaces in P6 cut out
by quadrics are classiﬁed. In Section 4.2, we ﬁnd all smooth surfaces in P2+c satisfying the condition
index(S) = c − 3.
4.1. Varieties of almost minimal degree with index(X) = c − 3
Theorem 4.1. Let X ⊂ Pn+c be an n-dimensional nondegenerate projective subvariety of codimension c  4
and degree c + 2. Then the followings are equivalent:
(i) X is a divisor of a cone Y over the smooth rational normal surface scroll S(2,2) in P5 , linearly equivalent
to H + 2F where H is a hyperplane section and F is a ruling of Y , respectively;
(ii) index(X) = c − 3.
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(i) ⇒ (ii): Let C ⊂ P1+c be a general linear curve section of X . Then C is a smooth rational curve
of degree c + 2 (cf. [LP, Theorem 2.1] or [P2, Theorem 1.1]). This shows that X is not arithmetically
Cohen–Macaulay. If X = C , then it holds that index(X) = 1 (= c − 3) (cf. [P1, Theorem 1.1]). If n  2
and hence Y is singular, then X is also singular and it holds that Sing(X) = Vert(Y ) = Pn−2 (cf. [BP1,
Lemma 5.3 and Theorem 5.5]). Thus, t is equal to n (cf. [BS2, Theorems 1.1 and 1.3]). In particular,
index(X) = index(C) = 1.
(i) ⇐ (ii): Since index(X) < c − 1, X is not arithmetically Cohen–Macaulay. Thus X is contained in
a rational normal scroll Y as a divisor (cf. [BS2, Theorem 7.3]).
Suppose that X is smooth. Then Y is smooth and X is linearly equivalent to H + 2F (cf. [BP2,
Theorem 5.5] and [P1, Theorem 1.1]). Let us write
Y = S(a1, . . . ,an+1) ⊂ Pn+c
where 1  a1  · · ·  an+1. Then index(X) = a1 − 1 (cf. [P2, Theorem 1.3]). Since c is equal to a1 +
· · ·+an+1, the condition index(X) = c−3 ( 1) implies that a1  2 and a2 +· · ·+an+1 = 2. Obviously,
this is possible only when n = 1 and a1 = a2 = 2.
Now, suppose that X is singular. Then Y is the only scroll containing X as a divisor and Sing(X) =
Vert(Y ) = Pt−2 (cf. [BP1, Theorem 5.5] and [BS2, Theorems 1.1 and 1.3]). Thus a general (n − t + 1)-
dimensional linear section X0 of X is smooth and satisﬁes the condition index(X0) = c − 3. Then we
can complete the proof by applying the previous argument to X0. 
Remark 4.2. Let X be as in Theorem 4.1 and let C ⊂ P5 be a general linear curve section of X . This
curve C is very precisely described in [P1, Theorem 1.1]. Namely, C = πq(C˜) where
C˜ ⊂ P6
is a rational normal curve of degree 6 and q is a closed point in P6 \ C˜3 where C˜3 is the third secant
variety of C˜ .
4.2. Smooth surfaces with index(X) = c − 3
Our main result is in this subsection is
Theorem 4.3. Let S ⊂ P2+c , c  4, be a nondegenerate smooth complex projective surface. Then index(S) =
c − 3 if and only if S is exactly one of the surfaces listed in Table 1.
We use the notations in [DR]. In particular, Blt(X) denotes the blow up of X in t points.
For the proof of Theorem 4.3 we need the following two known results.
Theorem 4.4. (See Theorem 8.8 in [E].) Let C ⊂ Pr be a linearly normal smooth projective curve of genus g
and degree 2g + 1+ p for some p  0. Then
p  index(C) p +max
{
0,
⌈
g − 3− p
2
⌉}
.
Theorem 4.5. (See Theorem 1.3 in [GP].) Let S be an anti-canonical rational surface and let L be a very ample
line bundle on S. Then (S, L) satisﬁes property Np if and only if −KS · L  p + 3.
Proof of Theorem 4.3. Suppose that index(S) = c − 3 and let S ′ ⊂ P6 be the image of S by (c − 4)
consecutive general inner projections. Thus deg(S ′) = deg(S) − c + 4, S and S ′ have the same arith-
metic depth, and S ′ satisﬁes condition N2,1 (cf. (2.1.3)). Then [DR, Theorem 0.1] provides a complete
list of all S ′ . To be precise, S ′ belongs to the list given in Table 2.
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Smooth surfaces S ⊂ P2+c with index(S) = c − 3.
P
2+c Surface Degree Linear system
P
6 Elliptic scroll 7 E0 + 3f, E20 = 1
Bl7(P2) 8 6 −∑7i=1 2Ei
Bl9(P1 × P1) 9 (3,3) −∑9i=1 Ei
Bl11(P2) 10 6 −∑5i=1 2Ei −∑11j=6 E j
Nontrigonal K3 10
Regular elliptic (ρg = 2) 12
Complete intersection 16
P
11−q (0 q 5) Blq(P1 × P1) 13− q (2,3) −∑qi=1 Ei
P
14−q (0 q 8) Blq(P1 × P1) 16− q (2,4) −∑qi=1 Ei
P
14−q (0 q 8) Blq(P2) 16− q 4 −∑qi=1 Ei
P
7−q (0 q 1) Blq(K3), K3: nontrigonal
and nontetragonal
12− q H −∑qi=1 Ei
Table 2
Smooth surfaces S ⊂ P6 cut out by quadrics.
Surface Degree Linear system
Case 1 Elliptic scroll 7 E0 + 3f, E20 = 1
Case 2 Bl7(P2) 8 6 −∑7i=1 2Ei
Case 3 Bl9(P1 × P1) 9 (3,3) −∑9i=1 Ei
Case 4 Bl11(P2) 10 6 −∑5i=1 2Ei −∑11j=6 E j
Case 5 Nontrigonal K3 10
Case 6 Regular elliptic (ρg = 2) 12
Case 7 Complete intersection 16
Case 8 Bl5(P1 × P1) 8 (2,3) −∑5i=1 Ei
Case 9 Bl8(P1 × P1) 8 (2,4) −∑8i=1 Ei
Case 10 Bl8(P2) 8 4 −∑8i=1 Ei
Case 11 Bl1(K3), K3: nontrigonal
and nontetragonal
11 H − E
For Case 1, Case 2, Case 5, Case 6 and Case 7, we will see that c = 4 and hence S = S ′ . Suppose
that S = S ′ . Then S ′ is obtained by an inner projection of a smooth surface in P7 which satisﬁes
condition N2,2. We can see that this is not possible from the form of the linear system that S ′ .
Now, we will consider the remaining cases, in turn.
Case 3. We get S = Blq(P1 × P1) ⊂ P15−q for some 0  q  9 and the linear system is (3,3) −∑q
i=1 Ei . Thus deg(S) = 18 − q. Also S is arithmetically Cohen–Macaulay and hence index(S) =
index(C) where C ⊂ P14−q is a general curve section of S . Since the genus of C is equal to 4, if
q < 9 then
index(C) = 9− q (< codim(S) − 3)
by Theorem 4.4. This implies that q = 9 and so S = S ′ .
Case 4. We get S = Blq(P2) ⊂ P17−q for some 5 q  11 and the linear system is 6 −∑5i=1 2Ei −∑q
j=6 E j . Thus deg(S) = 21− q and C is of genus 5. As in Case 3, Theorem 4.4 implies that
E. Park / Journal of Algebra 351 (2012) 175–184 183index(C) 11− q (< codim(S) − 3)
if q < 11. This shows that q = 11 and so S = S ′ .
Case 8. We get S = Blq(P1 × P1) ⊂ P11−q for some 0  q  5 and the linear system is (2,3) −∑q
i=1 Ei . In particular, S is anti-canonical and hence Theorem 4.5 shows that index(S) = 9 − q =
codim(S) − 3.
Cases 9 and 10. The argument in Case 8 is available for these cases.
Case 11. If S = S ′ , then S is a K3 surface in P7 which is nontrigonal and nontetragonal. Then it
holds that index(S) = 2 (cf. [S]). 
Corollary 4.6. Let X ⊂ Pn+c (n  2, c  4) be an n-dimensional nondegenerate projective complex variety
such that
(i) codim
(
Sing(X), X
)
> 2 and (ii) depth(X) n − 1.
Let S ⊂ P2+c be a general surface section of X . Then index(X) = c − 3 if and only if S is exactly one of the
surfaces listed in Table 1.
Proof. Note that S is smooth by (i) and index(X) = index(S) by (ii). Thus the assertion comes imme-
diately from Theorem 4.5. 
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